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Abstract 

We prove a Nash-Moser type inverse function tlieorem in Frechet 
spaces for functions with approximate inverses, allowing for a loss of 
derivatives proportional to n in the way of Lojasiewicz and Zehnder. 

1 Introduction 

The goal of this paper is to obtain an inverse function theorem for functions 
with approximative inverses in graded Frechet spaces, similar to the one that 
can be found in |Zeh,75 |. There, a Nash-Moser inverse function theorem is 



proven for functions (f> such that its derivative D(j) does not have a right inverse, 
but only an approximation to it. In | Zeh,75[ , such a theorem is proven, under 



the assumption that the loss of derivatives does not depend on n. Thanks to 



Lojasiewicz and Zehnder (see |L-Z,79 ), it is known that, when a right inverse 
for Dcj) exists, the loss of derivatives can be of the order of (A — l)n, as far as 
A < 2. Our goal is to provide a bridge between these two theorems. 

All along the article, E and F will be tame Frechet spaces with graded 
norms, and Sg, for 9 > 1, will be the corresponding smoothing operators. The 
map (j) of which we want to find the inverse will be a tame map, with tame 
derivative, that is, |(/!'(x)|„ < C\x\n and \(j)'{x)v\n < C {\x\n\v\d + \v\n) ■ For 
such a function, we prove the following 

Theorem Let E, F , and <f) : E ^ F he as above. Assume that there is a 
local approximate right inverse L : [U C E) x F E to (/)' , where U is some 
neighborhood of G E, satisfying 

Mix)L{x) - < C i\xUyU + \y\n) \x\n 
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and 

\{^'{x)L{x)-I)y\n<Ci\x\n\y\d + \y\n), 
for some d. Assume also that 

\L{x)y\n < C {\x\\n+d\y\d + \y\\n+d) , 

for any {x,y) G U x F and n > 0, and given d> and 1 < A < 2. Assume also 
that for the Taylor rest R{x, v) = (j){x + v) — 4>{x) — <j)'{x)v there are C and I so 
that 

\R{x,v)\n<C{\x\M'i + \'"\l\v\n)- 

Moreover, assume that there is an m so that 

oo 

I Y.{Sg{l - c^'{x)L{x))yy\„ < C{n)0"'{\xUy\d + |y|„). 

1=0 

Then <j) has a local right inverse ip, defined on a neighborhood V = {y G 
F\ \y\sa < S} o/O, and satisfying \'ijj{y)\d < C\y\so, for some sq. 



2 The spaces 

Let E and F be tw o Frechet spaces, with graded norms (for the definitfons, see 
Hamilton | Ham,82[] ). Moreover, we will assume that E and F are tame in the 
sense that there exist in each of them a collection of smoothing linear operators 
{Sg \ 9 >1}, from the space into itself, such that, for < < n: 

\Sgx\.^ < C{n,k)9"-''\x\k 
\{1-Sg)x\k < C(n,fc)0-("-*'-)|x|„ (1) 

Recall that from ^ we get the interpolation inequalities: 

\x\i < C{l,k,n) |a;|J;r"|a;|^ if ? = {1 - a)k + an. 



3 The function 

Let (j) : E ^ F he a continuous function such that 0(0) = 0. We want to know 
which conditions on assure us the existence of a local inverse V', defined on a 
neighborhood 1/ of G F and satisfying (j)oip = IonV. The conditions we will 
impose on F will apply in a neighborhood ofC/ = {|a;|; < 1}, for some given 
I > 0. The first condition we will require is that cj) be tame, that is (using that 
0(0) = 0) that there is a C for which: 

\(t>{x)\n < C\x\n+di, 

whenever x G U, for all n > and a given di. Let us notice, though, that by 
renumbering the seminorms, we can get di = 0, and thus the requirement is: 

\(l){x)\n<C\x\n. (2) 
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Another requirement is that (j) be Frechet differentiable in [/, and that its dedi- 
vative can be bounded by 

\(j)'{x)v\n < C {\x\r,+d2\v\l + b^+da) 

for some (i2 > 0, and all (x, t;) G ?7 x £' and n > 0. Again, by reordering the 
seminorms we can get c?2 = 0. Thus what we ask for is that, for some C and d: 

W {x)v\n < C {\x\n\v\d + \v\n) ■ (3) 

Moreover, we want (j)' to have an approximate right inverse, that is, we ask for 
the existence of a function L : [U C E) x F E, lineal with respect to F, 
satisfying: 

M{x)L{x)-I)y\n<C{\x\n\y\d+\y\n)\x[n (4) 

and 

\{<P'{x)L{x) ~ I)vU <C{\xUv\d + \y\n) (5) 

In particular, £(0) is the right inverse of 0'(O). For L we require (as in |L-Z,79[ ) 
the following growth condition to hold: 

\L{x)y\n < C {\x\xn+d\y\d + \y\\n+d) , (6) 

for any {x,y) € U x F and n > 0, and given d > and A > 1. We also do need 
a bound for the Taylor rest 

v) — 0(x + v) — — 4>' (x)v. 

Our hipothesis will be that: 

\R{x,v)\n < C(|a;|„|w|^ + \v\i\v\n) ■ (7) 

All along the proof we will use an approximation to the inverse of (f)' we will 
need to bound. Namely, what we need is that there is an m so that: 

oo 

Y,{Se{l - (l)'{x)L{x))fy[n < C{n)e"' {\xUy\d + |y|„). (8) 

1=0 

4 the lemmas 

Let 1 < A < T < 2, take r — Let us consider the sequence (6'j,)pgN defined 
by 9p = . Observe that 9p^ = 6*^+1 . 

We want to find the solution x of the equation (j){x) = y, for y Cz E small 
enough. To do so, we define the sequence {xp)p — {xp{y))^ by: 

Xq = 

Axp ^ Se^L{xp) Y.Zoi^s^i'^ - 'l^'i^p)Li^p))y ^p 

Zp ^V-(l>{xp)- 
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Lemma 1 Lety G E satisfy \y\d < 1- Let us assume that \xj\d < 1 for j = l^p 
(in order to have a well defined sequence). Then for any n> d, 

|xp|„ <X(n)0/(")|y|„ 

where 

nA— 1 1 d + X m 
L{n) = -- 



Ar-l Ar-l r-1 
Proof: From||, we get that: 

\Zj\n < \y\n + \Hxj)\n < C {\y\n + \Xj\n) 

Thus, if \y\d < 1 and \xj\d < 1, then \zj\d < 2C. 
On the other hand, usmg ^: 

oo 

\^{Sg^{l ~ (j)'{Xp)L{Xp))) Zp\n < Cdp"^{\Xp\n\Zp\d+\Zp\n) < 
1=0 

< C0p"\\Xp\r. + \y\„) 

Let k = n-^. Then: 

OO 

\Axj\n = \Sr,L{Xj)y^^ (■5't,(1 - (l)'{Xj)L{Xj))) Zj\n < 

CXD 

< C{n,k)e^\L{x,)Y,{Sr,a-^'ixi)L{^j))yz,\n-k < 

1=0 



< ce';{\x,\^^„.k)+d I J2 - </>'(x,)L(x,)))' z,\d - 

oo 



< 



nk 



ce^ice^'lx.in + C0™(|x,|„ + |y|„)) < 



< C0^^+™(|a;,|„ + |2/|„). 
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By using repeatedly this bound, and that xq = 0, we obtain: 

^(cef" + 1) |xoU + Iz/lnE^^r™ X{{ce1+^ + 1) < 

3=0 / j=P i=P 

i+1 
< \y\n ^ Ce';+^ ^{2C9l+^) < 



= |y|„(p+l)(2Cf+i2('=+™)^^. 
Let us notice that (r — l)i(n) = n+1 — ^^^^ + m = fc + m + l>fc + m, hence: 



(p+i)(2C)f+i f2^y' 



rP+i_i 



(2i(n))-''-- 

Therefore there is a = K{n) so that 

\xp+i\n < (p+ l)(2Cf +i2(*^+'")^^^ < /4:2^(")^''+' = KOp+i^^^-l 



Our next goal will be to see that \zp\d ^ — ^ 0, whenever y €: F is small 
enough. Namely, we will prove: 

Lemma 2 There are M, sq, and 6 > so that if \y\so < 6 and \xj\4 < 1 for 
j = we have the bound: 

2 + T 

\zp\d<M6p '^\y\so where n=- (d + m). 

Z — T 

Proof: By induction on p. Observe that Xp+i = Xp + Axp, so 4>{xp+i) = 
(j}{xp) + (j)'{xp)Axp + R{xp, Axp), and hence, if we write A = 1 — ^'{xp)L{xp), 
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we have that: 

Zp+i = y- (f>{xp+i) = y- 4>{xp) - ^'{xp)Axp - R{xp, Axp) = 

oo 

= Zp- (t>'{xp)S0^L{xp) ^ (^^^(l - 4>' {xp)L{xp))) Zp - R{xp, Axp) 



1=0 

oo 



= Zp- (j)' {xp)L{xp)^{SepAy Zp + 

1=0 

oo 

+(f)'{xp){l - Sg^)L{xp) Y^{Se^Afzp - R{xp, Axp) = 

1=0 

oo oo 

= Zp + {1- <P'{xp)L{xp)) Y,{Se,Ayzp - ^(5,^ A)'^^ + 

1^0 1=0 

oo 

+(t)'{xp){l - SeJL{xp) ^{Se^AYzp - R{xp, Axp) = 

1=0 

oo oo 

= Zp + Y,SeAiSeAy^P + (1 - SeMT^iSe^AYzp - 

1=0 1=0 

■oc- oo 

- ^(5,^ + - SojL{xp) Y,{So,Ayzp - 

1=0 1=0 

-R{xp, Axp) 

■ oo oo 

= zp+ Y^isoAf^^zp + (1 - seMT^i^o^^y^p - T^i^o^^y^p + 

1=0 1=0 1=0 

oo 

+<p'{xp){l - SeJL{xp) J2{Se,Ayzp - R{xp,Axp) = 

1=0 

(a) (6) 



= <^'(xp)(l - SeJL{xp) Y,{Se,Ayzp + {l - Se,)AY,iSe,Ayzp - 

1=0 1=0 

id) 



■R{xp,Axp) 
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To bound (a), we use |, |, |, and |. Then, for any s > and sq = As + d: 

oo 

< C{\xp\d\{l - SgjL{xp) Y^iSe^AYzpU + 

1=0 

oo 

+ \{l-Se,)L{xp)J2{Se,A)'zpU)< 

oo 

< 2C\{1 - Se^)Lixp) J2iSe,A)'zp\d < 

1=0 
oo 

<C9p-^'-'''>\L{xp)Y,{Se,Ayzp\,, < 

1=0 

oo oo 

<C9p-'^'-''\\xpU\J2{So,AyzpU + \Y,{Se,AyzpU„)< 

1=0 1=0 

^ C9p ^ \C6p \xp\sQ C9p {\xp\sg\zp\d IzplsgJ) 

C9p ^ ^ (I Xp I 5q -j- I Zp I sq ) 
<C9p-^'-''-"^H\xpU„ + \yU)< 

< C9p~^'-''-"'HK9p'^^'"^ + l)\yU„ < 

< C9p-^'-'^-"'-^'^'"^^\y\so. 

But 

lA-llrf+A m 

s — a — m — L[sq) = s — a — in — (As + d) 



At-1 At-1 t-1 



r-A , Irf+A r 
s : — a — m- 



T-1 At-1 r-1 



Thus this expression tends to infinity as s ^ oo, so that we can choose s so as 
to get s — d — m — L{so) > ^j.t. For r = 2±A -^q need s > a)^^ ' 
For such an s we have seen that: 

00 

\cp'{xp){l~Sg^)L{xp)Y,{Sg^AyzpU < C0p-(^-'^-'"-^^^°»|y|.o < 

1=0 

< COp+r^lyU- 
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To bound (b) we proceed in a similar way than as for (a), and we get that: 

oo 

oc 

<C9p-'^'°-''^\AY^{Se^Ayzp\s, < 

1=0 

oc oo 
1=0 l=Q 

< cdp-'^'°-''\c9p"'\xp\s, + cep"'{\xp\s„\zpU + \zpU) < 
<cep-^^'^-''-"^\\xpU, + \yU)< 

< C0p'^''>-'^-"'\Kep^^"''> + l)\y\s„ < 



< C0p~'-">-'^-"'-^'^'"^^\y\ 



So ■ 



Since sq = As + d, this expression tends to infinity faster tliat the former one. 
Thus for the same s as before we have that: 

oo 

1(1 - < 12/1.0 < c9p+rny\so- 

1=0 

To bound the Taylor series we use getting: 

\Rixp,Axp)\d < Ci\xp\d\Axp\l + \Axp\l) <2C\Axp\l< 

OO 

< C{dp'r\L{xp)J2{Se,Ayzp\l< 

2 oo oo 

< {\xpU\J2{Sg^AyzpU + \Y.{Se,AyzpU)'< 

1=0 

< cep^'+'^^izpil (9) 

Then, as -2 < -r, 

— 2t —4 — 2 — r 

2d + 2m -2fi = 2{d + m) = {d + m)T < {d + m)T = -/zr 

2 — r 2 — T 2 — T 

Now from the induction hypothesis we get that: 



\R{xp,Axp)U < CQp^^^^-^VpW < CM'0p^''+'"'ep-^^\y\l < CM'9p+r''\y\ 



Hence what we have seen is that 

kp+iU < c(i + M2|y|,j0p+r'%lso, 

For some C not deppending on p. WLOG, M > C, and we choose S so that 
S < min{l, ^Q^j^ }- Then the lemma is satisfied at least for \y\s„ < S. ^ 

Lemma 3 There is a d > so that, for \y\so < S, \xj\d < 1 for all j > 0. 



Proof: Again by induction on j. For j = the requirements are trivially 
satisfyed. Assume that the requierements are satisfyed for a certain j. Then if 
\xj\d < I, j ~ ^ p, we have that |Aa;j|(i < C0^^™|zj,|d, if we follow the same 

procedure as in |9[ Because of lemma 2, we have that |Axj |d < C6'~*''' |y|so, 

therefore \xp+i\d < I]j=o l^^iU < C (l^^^o 6'^^''"''"'"'^ |?/|^^. Using that fi - 

d — m = {d + m)^^ > 0, if we choose S < mm{S, (j2'jLa OJ^'^^'^^™'^^ }, we 
get 





Xp+iU < > ep'^-"-"'^ \yU < y^e-'^"> U < 1. (10) 



Hence lemmas 1 and 2 are true for any \y\so ^ with no restrictions on the 
sequence {xp)p. ^ 

Next we will try to improve the estimate of lemma 2, changing fi by any 
a > 0. 

Lemma 4 For any a > there are constants C — C{a) and n — n{a) so that 

\Zp\d < C\y\n{a)dp 

for any p > and any y with \y\so < <5. 



Proof: Because of lemma 2, the statement of the lemma is satisfied for < a < 
pL. Let a > /i and assume the statement is true for this a. We will see that the 
statement is also satisfied for a + rf + m. 
We use that 

(a) 

. s 

OO 

I^P+iU < \<tJ{xp)(\~Ss;)L{xp)Y,{Se^Afz,^d + 

1=0 

(b) 

. . (d) 

OO ^ 

+ 1(1 - Se;)AY^{Se^A)^ zp\d + \R[xp, t\Xp)\d 

1=0 
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and we choose uq = Xn-\- d with n — d — m — L{no) > T{a + d + m). Then, 

oo 

1(1 - SejL{xp)J2{Se,A)'z,U < C0p+r^'^+''+"^^\yU,. 



1=0 



1(1 - Se,)AY,{SeAy^pU < c^p+r^^+'+'^^lyUo- 

1=0 

We can bound the Taylor rest using 

\R{xj„Axp)U < C\Axp\l < Ce^^^'+'nzpll 
and applying lemma 4 for this a to this formula, by doing so, wc get 

where, for the last inequality, we have used that \y\o < 1 and the convexity 
inequalities. On the other hand, 2a—2{d+m) > T{a+d+m) <^=> a(2— r) > {d+ 
m)(2+T) <^ a>/i. Therefore |i?(a;p,Axp)U < C0p+i-("-''"'")|y|2„(a)- Ifwe 

choose C = max{C,0[,°"''"™^} we have |2;o|d < \y\d < C'^'o'^""''"'"^ l2/ln(a+d+m), 
and, using the induction, also that 

\Zp+l\d < C\y\n(a+d+m)(^p+l~'"''^'^'^"^^ 

for any p>Q, where n{a + d + m) = max{2n(a), no}. ♦ 
With these bounds on \zp\d we can obtain new bounds on l^pln? using the 
convexity inequalities. To do so, we proceed in the following way: 

Lemma 5 For any n > and any b > there are C = C{n, b) and a{n, b) so 
that for any y £ E with \y\so < 5 and any p>0 we have that: 

\AXp\n < C\y\a(^ri,b)Op~'' 
\Zp\n < C\y\„(^n,b)^p~^ 

Proof: Prom the convexity inequalities, 

\Axp\n<C\AxX^'\Axp\li' 

and, using lemma 1, 

lAXpbn < \Xp+,\2n + \Xp\2n < C (^p+Z^^") + ^Z^")) \y\2n < CO/''^^"^ {yUn- 

From lemma 4 we know that |Aa;p|o < C6p™\zp\d < C\y\n(a)(^p^'^^™' , for any 
a > 0. By taking a — 2b + m + TL{2n) and a{b, n) = max{n(a), 2n} what we 
get from the previous inequality is that: 



\Axp\n < Cep^6p^^\yl 



ib,n) 



-2h-m-TL(2n)+m , L{1n) , 

= COp ^ = cep-'\yig,^„) 
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1_ 1 

Likewise, for Zp we use that \zp\„ < C'jzplo Then we use the defi- 

nition of Zp and lemma 1 obtaining that \zp\2n < \y\2n C\xp\2n ^ C'lj/bn + 
Op^'"^^\y\2n < C 9 p^ \y\2n- Hence, since the norms are increasing, we see that: 

\Zp\n < ClZplllZpli < C0p-^6lp^|yU(fc^„) = 

= Cep-''-^-'^'^^"^\yl^t,n)<C9p~''\y\,^,^^-^ 

with the same a{b,n) as before. 4k 

Theorem 6 Under the hypothesis 0; ^ H" '^^'^ |1' ^ ^'^•^ local right 

inverse tp, defined on a neighborhood V — {y E F \ \y\sa < 5} ofO, and satisfying 

my)\d<C\yU. 



Proof: Using that \xp - Xp+i\n < CJ^jtl ^ \^Xp\n\y\a{b,n} and lemma 5, we 
get that: 

00 

\Xp - Xp+i\n < C{n,b)\y\„(h^ri)^dj'' 

j=p 

and thus, for y E V, {xp)p is a Cauchy sequence. Let x = linip^oo Xp. As, 
again because of lemma 5, Zp = y — (t>{xp) 0, and since is continuous, 
y = limp^oo (^(xp) = (f){x). For y e V, we define ipiy) = limp^oa Xp{y), and 



thus o Tp{y) = I. 10 gives us the desired bound. X 
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